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Angular-Rate Estimation Using Delayed
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Algorithms are presented for estimating the angular-rate vector of satellites using quaternion measurements.
Two approaches are compared, one that uses differentiated quaternion measurements to yield coarse rate measure-
ments, which are then fed into two different estimators. In the other approach, the raw quaternion measurements
themselves are fed directly into the two estimators. The two estimators rely on the ability to decompose the nonlinear
part of the rotational dynamics equation of a body into a product of an angular-rate dependent matrix and the
angular-rate vector itself. This nonunique decomposition enables the treatment of the nonlinear spacecraft dynam-
ics model as a linear one and, thus, the application of a pseudolinear Kalman filter. It also enables the application of
a special Kalman filter, which is based on the use of the solution of the state-dependent algebraic Riccati equation
to compute the gain matrix and, thus, eliminates the need to compute recursively the filter covariance matrix. The
replacement of the rotational dynamics by a simple Markov model is also examined. Special consideration is given
to the problem of delayed quaternion measurements. Two solutions to this problem are suggested and tested. Real
Rossi X-Ray Timing Explorer data are used to test these algorithms, and results are presented.

I. Introduction

N most spacecraft (SC) there is a need to know its angular rate.

Precise angular rate is required for attitude determination, and
a coarse rate is needed for attitude control damping. Classically,
angular-rate information is obtained from gyros. These days, there
is a tendency to build smaller, lighter, and cheaper SC. Many mis-
sions require accurate rate information for control purposes, for ex-
ample, jitter control, in which gyros are essential. However, several
other missions exist where control can be achieved without accurate
gyroinformation (for example, the SAMPEX mission'). We address
these missions in this paper. Therefore, the inclination now is to do
away with gyros and use other means to determine the SC angular
rate. The latter is also needed even in gyro-equippedsatellites when
the angular rate is out of range of the SC gyros.

There are several ways to obtain the angular rate in a gyroless
SC. When the attitude is known, one can differentiatethe attitude in
whatever parametersit is given and use the kinematicsequation that
connects the derivative of the attitude with the satellite angular rate
to compute the latter.> However, the differentiation of the attitude
introducesa considerablenoise componentin the computedangular-
rate vector. To overcome this noise, the computed rate components
can be filtered by a passive low-pass filter. This, however, introduces
a delay in the computed rate.> When using an active filter, such as a
Kalman filter (KF), the delay can be eliminated >

Another approachmay also be adopted to the problem of angular-
rate computation, where the vector measurements themselves are
differentiated. This approach was used by Natanson® for estimating
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attitude from magnetometer measurements and by Challa et al.®
to obtain attitude as well as rate. Similarly, Challa et al.” used
derivatives of the Earth magnetic field vector to obtain attitude and
rate. This approach, too, introduces noise in the computed rate.

All of these methods use the derivative of either the attitude pa-
rameters or of the measured directions, which normally determine
the attitude parameters. Another approach is that of using the atti-
tude parameters, or the measured directionsthemselves,as measure-
ments in some kind of a KF. In this case, the kinematics equation
that connects the attitude parameters, or the directions, with their
derivatives are included in the dynamics equation used by the fil-
ter, and thereby, as will be shown, the need for differentiation is
eliminated ®°

New sensor packages that yield the SC attitude in terms of the
attitude quaternion are now available. Therefore, it is possible to
use the quaternion supplied by such sensors as measurements and,
as mentioned before, eliminate the need for differentiation. In this
paper we investigate this possibility.

We will apply two special KFs that make use of the SC angular
dynamics model; therefore, by way of introduction, in the next sec-
tion we present the development of the SC dynamics model, and
in Sec. III, we present the two filters. For comparison purposes, in
Sec. IV, we treatthe approach where the angularrate is still extracted
from derivatives, but here we pass the resultant noisy quaternion
through the two active rather than through a passive filter as was
done in Ref. 3. The other approach, where the raw quaternion mea-
surements themselves are fed into the filter, requires the addition of
the quaternionto the state vector, which comprises the angular-rate
vector. This is treated in Sec. V. In Sec. VI, we consider the case
where the filter dynamics are drastically simplified by reducing the
dynamics equation of the SC to a first-order Markov process. The
issue of delayed quaternion measurements is presented in Sec. VII,
and the last section is the conclusions section.

II. Filter Dynamics Model
The dynamics model is that which describes the propagation of
the SC angular velocity . The angular dynamics of a constant mass
SC is given in the following equation'’:

Io+h+wX(Uw+h) =T (1)



AZOR ET AL. 437

where w” =[w,, ®,, ®.], I isthe SC inertiatensor, k is the momen-
tum of the momentum wheels, and T is the external torque operating
onthe SC. The components @,, ®,, and o, are the three components
of the sought angular-rate vector w of the SC body with respect to
inertial space when resolved in the body coordinates. Equation (1)
can be written as

Ww=—=1"wXUw+h]+I1(T-h) )

Denote the cross product matrix of the vector (Iw +h) by
[(Iw + k) X], and define

F(w)=1""[(Iw+h)X] 3)
u(t)=1"Y(T — h) )

then Eq. (2) can be written in the form
W= F(w)w + u(t) (5)

As was shown in Ref. 3, there are eight primary models and infinite
linear combinations of them that express Eq. (1) in the form of
Eq. (5).

Equation (5) describes the SC correct dynamics; however, we
usually do not know the exact values of I, T, h, and its derivative.
Therefore, we do not know the exact relationship between & and
these elements. We express our lack of knowledge by adding a
stochastic process to the dynamics equation of Eq. (1). We assume
that this stochastic process,w’(?), is a zero mean white noise process.
The resulting model, which is used by the estimator, is

w = F(ww +ut) +w() 6)
If we denote w by x, then Eq. (6) can be written as
X = FQox +u(r) +w'(n) @)
where obviously
F(x)=1""[(Ix + h)X] ®)

For the time being we assume that we measure the angularrate, that
is, x; therefore, the measurement equation is

o = Hxy + v 9)
where

where v; is a zero mean white measurement noise and /5 is the
third-dimensionalidentity matrix.

III. Angular-Rate Estimation

As mentioned in the introductionsection, we use two filtering al-
gorithmsto estimate the angularrate. These algorithmsare described
next.

The dynamics equation presented in Eq. (7) is a nonlinear dif-
ferential equation due to the term F(x)x . A standard filter for this
case is the extended KF (EKF). One can also apply the extended
interlaced KF,* where three linear KFs are run in parallel. Other
possibilitiesthat are applicableto the form of nonlinearity presented
in Eq. (7) are the pseudolinear Kalman (PSELIKA) filter® and the
state-dependent algebraic Riccati equation (SDARE) filter, which
were used successfullyin Ref. 2. In view of their performance, the
latter two filters are also used in this work.

A. PSELIKA Filter®

The PSELIKA filter algorithm disregards the nonlinearity and
treats the dynamics system as if it were just a time-varying linear
system; consequently, the ordinary KF algorithm is applied. First,
the continuousdifferential equation (7) expressing the SC dynamics

is discretized,and then the KF algorithmis applied as follows. First
evaluate

W, = E{W’(tk)wl(fk)T} (11a)
R, = E{vw]} (11b)

and choose an approximate value for the initial estimate of the rate
vector. In the absence of such initial estimate, choose £y (which is
@) to be zero. Next, determine P, , the initial covariance matrix of
the estimation error, according to the confidence in the choice of Xo.
The recurrence algorithm is then as follows.

1. Time Propagation

Let A, be the discrete dynamics matrix obtained when F(x) of
Eq. (8) is discretized, and let u; be the discrete deterministic input
signal. Then propagate the state estimate according to

Revr = ARy + U (12a)
and the covariance matrix according to

P = APy Al + W, (12b)

2.  Measurement Update
Compute the Kalman gain as follows:

-1
Kk+1=Pk+1/kHT[HPk+1/kHT+Rk+1] (12¢)

Update the estimate according to
Revker =Xer e T Kewilzesr — HR v 14 (12d)

and update the covariance matrix using

Pk+1/k+1 =[I3 - Kk+1H]Pk+1/k[I3 - Kk+1H]T
+ Ko Reo KT (12e)

B. SDARE

The continuous-discretetime SDARE filter that was used in
Ref. 3 was based on the work of Cloutier et al.'""'> Pappano and
Friedland,"® and Mracek et al.'* That continuous-discretetime fil-
ter for the continuous-timedynamics and the discrete-time measure-
ment is as follows (see Ref. 3).

As with the PSELIKA filter, choose an approximate value for
the initial estimate of the rate vector. In the absence of such initial
estimate, choose again Xy = 0.

1. Time Propagation
Propagate the state estimate according to

Xivr = Al + g (13)

2.  Measurement Update
At the measurement update time #; + 1, solve the following alge-
braic Riccati equation for P, :

AR s 170 Pert + Posi ATRev0)
=P H'R;} HP, . + W/, =0 (14a)
and compute the gain matrix

Kk+1=Pk+1HTR_1 (14b)

k+1
Finally, compute the updated state estimate:

Revvirr = %oy + Kewilzesr = HEy 4] (14c)

IV. Filtered Quaternion-Rate Approach

As mentioned before, it is possible to derive w,, a crude estimate
of w, usingthe first time derivative of the quaternion>*; however, the

resultantestimateis noisy.If w, is passedthrougha passive low-pass
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filter the noise may be filtered out at the expense of a delay.? Here
we investigate the quality of the filtered rates when the two active
filters described before are used to filter w,. First we show how w,
is derived from ¢, the differentiated quaternion. As is well known
(e.g., see Ref. 10), the quaternion dynamics equation is

where
0 o0, -0, o
-, 0 w0, O,
0, —o 0 ,
-0, -0, —-o, 0

It is also known (e.g., see Ref. 2) that Eq. (15) can be written as

§g=10w (17)
where

qa —q3 4>

0= q3 qa —q (18)

—q2 41 qa

—q1 —42 —q3
Note that

o'o=1 (19)

where I is the third-dimensionalidentity matrix. When both sides
of Eq. (17) are multiplied by 207 and Eq. (19) is used, a rough
estimate of the rate vector can be computed as follows:

w, =20"¢ (20)

The dynamics equation for the estimator was introduced in Sec. 11
[see Eq. (7)]. In view of Eq. (20), the measurement equation [see
Eq. (9)], which corresponds to the filter dynamics model, is

w, = H,w+v, (21a)

where
H, =1, (21b)

and v, is a zero-mean white noise. This defines the quaternion-rate
approach.

The PSELIKA and the SDARE filters were used to obtain the
angularrate from quaternionobservations using the quaternion-rate
approach. The data that were used to test this approach were real
measurements downloaded from the Rossi X-Ray Timing Explorer
(RXTE) satellite, which was launched on 30 December 1995. We
chose a segmentof data starting4 January 1996 at 2130 and 1.148 s.
Thereferencequaternionwas based on the SC attitude as determined
by its star trackers. Figure 1 presents w, the nominal angular-rate,
which was measured by the onboard gyros whose drift rate was of
the order of 10™* deg/h. Figure 2 presents the error between w,, the
raw angular rate, and w, the nominal rate. To quantify the error, a
single figure of merit (FM) is computed. First, the average square
error of each component is computed as follows:

— 1 T
&2 = 31-2 dr,
T T-n ),

where #, is a time near the beginning_of the data and T is the
time at the end. This computation yields €2, €2, and 2. Then the FM
is computed as FM = /(¢2 + €2 +¢2). To exclude the transients,
we set 7o = 100 s. It was found that FM(2) =7.3998 X 1073 deg/s,
where FM(2) is the FM of Fig. 2. Figure 3 shows the estimation
error when the PSELIKA filter was applied to w,. It was found that
FM(3) =1.5311 X 1073 deg/s. Finally, Fig. 4 shows the same when
the SDARE filter was used, and it was found that FM(4) = 1.4550 X
1073 deg/s. As indicated by FM(2), the computed angular rate w,,
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Fig.2 Error between raw angular rate w, and nominal angular rate.

particularly its x component, was rather noisy. When either the
PSELIKA or the SDARE filter were applied to w,, other than a
few spikes, the resulting @ was smoother. In this example there
was no real difference between the performance of the two filters
[see FM(3) and FM(4)]. As expected, the computation of w, using
Eq. (20) produced a noisy estimate due to the differentiation of the
measured quaternion, which was corrupted by measurement noise,
and the applicationof the PSELIKA filter to this w, filtered out most
of the noise. When the SDARE rather than the PSELIKA filter was
applied to w,, the filtered estimate of the angular rate was visually
identical.In other words, the effect of the applicationof the SDARE
filter was practically identical to that of the PSELIKA filter.

V. Quaternion Augmentation Approach

Although we also tested the quaternion-rate approach described
in the preceding section, in this work we are mainly interested in
estimating o using the measured quaternion itself rather than its
derivative. However, the quaternionis not a part of the state vector
of the system [see Egs. (6) and (7)]. One solutionto this problem was
examined in the preceding section. Another solution is the augmen-
tation of the quaternion with the angular-rate state of Eqs. (6) and
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(7). For this, we can use the quaternion dynamics equation given in
Eq. (15) and obtain the following model, which augments Egs. (6)
and (15):

¥y=G'(y)y +e() +g() (22)
where
w
y= [ } (23a)
q
Gy=|F 0 23b
e(t) = |:ui)t)i| (23¢)
g(t) = [w(;”} (23d)

The measurements of the quaternion are taken at discrete-time
points; therefore, the measurementmodel is a discrete one. The dis-
crete measurement model that corresponds to the dynamics model
of Eq. (22) is

w

qm,k=C|: } + v (24)
1],

where ¢, ; is the measurement at time #,

00 01000
C_OOOO]OO (25)
10000010

00 0 0 0 0 1

and v, is the measurement noise at that time.

An inspectionof the matrices G'(y) of Eq. (23b) and C of the last
equation reveals that even when w is constant this pair is determin-
istically unobservable. This problem can be overcome though using
the fact that Eq. (15) can be written as Eq. (17), which can also be
written as

qg=[%010] m (26)

Therefore, Eq. (22) can be transformed into

Yy=G(y)y +e()+g) (27a)
where
Goy=| @O (27b)

We note that the measurement equation [see Eq. (24)] is un-
changed, although the dynamics matrix of the system changes from
G'(y) to G(y). Unlike the pair G'(y) and C, the pair G(y) and
C is not necessarily deterministically unobservable. In fact, the re-
sults from the PSELIKA filter with the preceding model, which are
presented in Fig. 5, show that the pair is observable even when w
is time varying. Moreover, in the computation of €2 that is needed
in Eq. (23b), we use our best estimate of w. At least initially, this
estimate may be way off, yielding a wrong €2 and, consequently, a
wrong G’(y). On the other hand, in the computation of G(y) given
in Eq. (26b), we use Q rather than Q. Because Q is based on the
measured ¢, which is fairly accurate, we obtain an accurate G(y).
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Fig. 5 Angular-rate estimation error after applying PSELIKA to the
augmented model.
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In other words, not only is the pair {G(y), C } observable,the use of
G(y) yields a more accurate filter model than does G'(y).

Whereas v;, the measurement noise vector, can be assumed to be
statistically independent over time, its components are correlated
with one another; moreover, it cannot be assumed that v; has a
constantly zero mean. Consequently, we model the measurement
noise as

Vi =Vik + Vok (28)

where between the measurement points, kK — 1, k, and k + 1, the
noise component v; changes according to

I}IZ—NVI +u1 (29)

It is further assumed that v, ; is a zero-mean white noise process
whose covariance matrix contains, in general, nonzero off-diagonal
elements. As usual, the covariance matrix of the white noise vector
w1, which drives v, ;4 1, is selected' to fit the covariance matrix of
Vix+ 1. That matrix, too, may have nonzero off-diagonalelements to
generate the correct covariance between the components of vy 4 4 ;.

Because the measurementnoise has a nonwhite component, one
needs to augment the nonwhite state with the existing state vector to
form a new augmented state. The resultantmodel is then as follows:

x=Fx+f+w (30)
where
w
x=|4q (31a)
Vi
Flw) 0 0
F=| 1 0 0 (31b)
0 0 —N
(u
f=10 (310
| 0
'
w=10 (31d)
LA
Since
Ani =qc T vkt v (32a)

then the corresponding discrete measurement equation is

Zerv1 = Hxpwr + Vo040 (32b)
where
0001 0O0O0OT1TO0TQO0TO0
00 00O T1TO0O0O0OTTO0TO0
H = (32¢)
0000 O0OT1TO0O0O0T1TTO0
00 00 O0O0OT1TO0O0O0I1

In the preceding analysis, we showed how to treat nonwhite mea-
surement noise; however, in the data that were used here, the mea-
surementnoise was white; therefore,the model of Egs. (27) was used
in the filter. The results of estimating the angularrate when applying
the PSELIKA filter to the augmented model are shownin Fig. 5. The
FM of these results was found to be FM(5) = 6.1839 X 10~* deg/s.
When comparing Fig. 5 to Figs. 3 and 4, it is realized that the addi-
tion of ¢ to the state vector yields a better filter. Note that the level
of the spikes present in Figs. 3 and 4 was reduced when this filter
was used.

VI. Simplified Filter Model

The dynamics models that were used in the preceding section can
be drastically simplified by exchanging the SC nonlinear dynam-
ics model with a simple first-order Markov model. This approach,
which is common practice in target tracking, was applied recently
to attitude determination® The simplified filter dynamics equation
takes the form

-T7'' 0 0
FF=| 10 0 0 (33a)
0 0 —-N

The dynamics model is then

X, = Fx, +f +w, (33b)
where

xl = [w] |} v] (330)
and fis as before and

wi = [wil0"Iu]] (33d)

The covariance matrix of w, has to be computed and tuned.
When the quaternion measurements are used to update the filter
every second, there is almostno visible differencebetween the use of
the elaborate rotational dynamics model and the simplified Markov
model. However, if the updates occur at longer intervals, there is a
remarkable difference between the two cases. Figure 6 presents the
angular-rate estimation error when the elaborate angular dynamics
is used and the PSELIKA filter, which is used to estimate the rates,
is updated every 30 s. The FM computation of the error presentedin
Fig. 6 results in FM(6) = 1.7975 X 1073 deg/s. When the elaborate
model is replaced by the Markov model, the error in the resulting
estimated rate is unacceptable. This is seen in Fig. 7, where the
angular-rate estimation errors for this case are shown. Even before
the start of the SC maneuverthereis amarked differencebetween the
resultspresentedin Figs. 6 and 7; however, the remarkabledifference
between the two cases occur when the SC start the maneuver about
its z axis. This is because the simple Markov model is incapable of
capturing the SC maneuver. Note that in the computation of FM(6)
and FM(7), we set o =200 s. Again, this was done to avoid the
transients.
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Fig. 6 Angular-rate estimation error for sparse measurements.
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VII. Delayed Quaternion Measurements

The device thatyields the quaternionmeasurements computes the
quaternion after a star search; therefore, the quaternionis obtained
with a time delay. Figure 8 presents the time points of the events
related to the problem. The filter has to supply the best estimate of
the angular rate to the SC attitude control system (ACS) at points
tx, I + 1, etc. The measurements are of quaternions that express the
attitude at different times though. Moreover, the measurements are
delayed. This is shown in Fig. 8, where #,, gelayea 15 the time where a
measurement is obtained, but due to the delay it yields the attitude
thatexisted at time #,,. There are several ways to process the delayed
measurement to obtain an improved estimate at f; , ;. In the ensuing
sections, we present two algorithms. According to the first algo-
rithm, which we name updating before propagating, we perform a
measurement update of the filter at time point £, gelayea, and then
propagate the outcome to time point #; , |, where the information is
passed on to the ACS.

It is also possible to first propagate the state estimate and covari-
ance matrix (when PSELIKA is used) from time point #; to the time
point# ; |, project the measurement from time point¢,, to this time
point, and only then perform a measurement update. We name this
second algorithm updating after propagating. Both algorithms are
further explained in the following sections.

A. Updating Before Propagating

The sequence of events concerning the propagation and the up-
dating of the state estimate when using this algorithm is presented
in Fig. 9. Because 7 is known, it is possible to propagate the es-
timated state vector and the covariance matrix from time #; to
L. delayed » and because D is known, it is also possible to propagate the
measurement. A measurementupdate is then performed at #,, geiayeas
to yield X, delayea (+), Which is then propagatedto time f; 1 |, where
it becomes X, 4+ {(—). The propagation of the state vector from #; to

[ () P, Xp, getayed(+)
(0) s % (=) —— Ly geyea( ) ™ X1 (5
| D '
! m—
= = . > Time
t, t, t, delayed Lo

Fig.9 Evolution of the state estimate over one time cycle: a) updated
vectors and b) propagated vectors.

I, delayed 1S done using the following discretized version of Eqgs. (30)
and (31):

‘:’m,delayed(_) eF((b)T 0 0
qﬂ,delayed(_) = %QF_I(Q)[QF((D)T - [] 1 0
l:'l,m.delayed(_) 0 0 e
@r(—) Uy
X | q(=) [+]0 (34a)
Pk (=) 0

and, when using PSELIKA, the covariance matrix is propagated
using Eq. (12b) noting that

erwr 0 0
Ac= | 1QF\(@)e" @  —1] T 0 (34b)
0 0 e’

[One need not worry about a possible singularity of F (&) that may
appear in the {2, 1} element of the discretized dynamics matrix
in Eqgs. (34) because F~!(®) is included in this element only to
enable the expression of the term in a closed form. When this term
is expressedin a power series form, the inverse of F'(w) is canceled
out].

The propagation of the measured quaternion requires the propa-
gation of the whole state vector by the interval D from time ¢,, to
time £, gelayea . FOr that, similarly to Eq. (34a), we use

L:’m,de]ayed eF((b)[) O O
=11 -l (@)D
qz,de]ayed - EQF (w)[el'(w) _ [] I ()
ﬁl,m.delayed 0 0 e—ND
Om U,
X g, [+]0 )
lA’vl.m 0

where the subscripts m and m,delayed denote values at times ¢,
and Z gelayed, respectively, ¢;, is the measurement, and g, jojuyeq
is the propagated measurement needed for the update at 7, geayea-
Note that @,, and ¥, ,,, neededin Eq. (35), are obtained by propagat-
ing @, (—) and 9,  (—), respectively,over the time span T — D using
the respective transition matrices @”“* =) and @ V" =) Equa-
tion (32a) gives rise to the following expression for the propagated
measurement:

m —
qm.delayed = qm.delayed + V1, m,delayed + V2, m,delayed (36)

Therefore, H, the measurement matrix, for the update is still that
given in Eq. (32¢). As for the computation of the covariance of
the white measurement noise term, vz, delayed» it is realized that, al-
thoughthe equationg = %Qw was actuallyusedto COmpUteq,, e
[see (34a)], the result is identical to that obtained using the form
qg= %Qq. When the latter equation is used, then the solution is

q:,delayed = q)(tm.delayeds tm )112 (37)
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Fig.10 Angular-rate estimationerror for delayed measurements when
updating before propagating.

where @ (1, gelayeds n) 18 a transition matrix that can be easily
computed using

i=N-1 1
o8 =[] exp[zg(%‘) : 5} (38)

i=0

where 6 is the length of a subinterval of D and 7,5 is the beginning
of the ith such subinterval. Next R; ,, clayed, the covariance matrix
of the measurementnoise for this update, has to be computed. From
Egs. (36) and (37), it is clear that

V2,m,delayed = q)(tm,delayeds tn )VZ.m (39)
Therefore, noting that E{v, ,, } =0, it is obvious that
R2.m.delayed = q)(tm,delayeds tm)RZ.mq)T(tm,delayeds ) (40)

where R, ,, is the given covariance matrix of v, ,,, the measurement
white noise at time ¢, [see Eq. (32a)]. Once the measurementupdate
is completed, the outcome, £, gelayea ( +), is propagated to time point
t+1 over the time span A — 7 exactly as the state estimate was
propagated from #; to £, gelayea OVer the time span 7. The propagated
state estimatebecomes Xy + | (—). Note that when the SDARE filter is
used, there is no covariance matrix propagation. Figure 10 presents
the estimation error when the PSELIKA filter was used to estimate
the angular velocity from delayed measurement and the updating
before propagating approach was used. In this case, A =T =15,
and D =7 =0.5 s. Note that in this example #,, and #; coincide. It
was found that FM(10) = 5.842090 X 10~* deg/s. A comparison of
FM(10) to FM(5) revealsthat the delay introduced an error thatis an
orderof magnitudelargerthan that obtained when the measurements
had no delay.

B. Updating After Propagating

The sequence of events concerning the propagation and the up-
dating of the state estimate when using this algorithm is presented
in Fig. 11. Here first the state estimate is propagated by A to time
point #; , |, and if PSELIKA is used, the covariance matrix is also
propagated.

Then the measurement ¢, is also propagated by T to # 1,
and an update is performed there yielding £+ (+). The propa-
gation of the state estimate and the measurement are performed as
they were before using the appropriate time intervals. Figure 12
presents the estimation error when the PSELIKA filter was used to
estimate the angular velocity from delayed measurement and the

@.... X, (+) X, (+)
®).... gk(_) ikn(“)
A
1 : > Time
tk t{ tm.delayed /tkﬂ
YT
T

Fig. 11 Evolution of the state estimate over one time cycle: a) updated
vectors and b) propagated vectors.
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Fig.12 Angular-rate estimationerror for delayed measurements when
updating after propagating.

updating after propagating approach was used. Also in this run
A =T =1 s. The computed FM for this case was computed as
FM(12) =8.412262 X 10~* deg/s. A comparison between FM(12)
and FM(10) shows that a more accurate estimate is obtained when
the update is done after propagating the state and the measurement
to the time point?; ;. |, where the next estimate has to be fed into the
attitude control system.

VIII. Conclusions

We examined algorithms for estimating the angular-rate vector
of satellites using quaternion measurements without differentiation.
The notion examined in this work is based on the ability to obtain
quaternionmeasurementsdirectly from a cluster of star trackers. For
comparison, we also examined the approach of extracting the an-
gular rate from quaternion differentiation. Both approaches utilize
a Kalman filter. Two filters were examined. One was the PSELIKA
filter, and the other was a special KF that was based on the use of
the solution of SDARE to compute the Kalman gain matrix and,
thus, eliminate the need to propagate and update the filter covari-
ance matrix. The two filters relied on the ability to decompose the
nonlinear rate-dependent part of the rotational dynamics equation
of a rigid body into a product of an angular-rate-dependert matrix
and the angular-rate vector itself. This nonunique decomposition
enabled the treatment of the nonlinear SC dynamics model as a lin-
ear one and, consequently, the application of the PSELIKA filter. It
also enabled the application of the SDARE filter.

When using the quaternion measurements to obtain angular rate
without differentiation, the kinematics equation of the quaternion
has to be incorporated into the filter dynamics model. This can be
done in two ways. It was shown that only one way can be used
because only this way yields an observable system.
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Real spacecraft data were used to test the suggested algorithms.
As expected, when rate determination was based on quaternion dif-
ferentiation, the resulting angular-rate was noisy. When either one
of the filters was used, the noise was suppressed without causing
delays in the estimated angular-rate components.

The replacementof the elaboraterotationaldynamics by a simple
first-order Markov model was also examined. It was found that,
althoughthe use of sucha simple model was sufficient when frequent
measurementupdates were possible, it was totally inadequate when
only sparse quaternion measurements were available.

A device that yields the quaternion measurements computes the
quaternion after a star search; therefore the quaternion is obtained
with a time delay. However, the filter has to supply the best estimate
of the angular rate to the SC attitude control system on time. In this
work, two algorithms were presented to overcome the delay prob-
lem. According to the first algorithm, updating before propagating,
a measurement update of the filter is performed at the time when
the measurement is obtained and then propagated to the time point
where the information is passed on to the ACS. In the second algo-
rithm the state estimate, the covariance matrix (when PSELIKA is
used), and the measurement are first propagated to the time point
where the angular rate has to be passed on to the ACS, and only
then ameasurementupdateis performed. This second algorithm was
named updatingafter propagating. Both algorithms were tested, and
it was found in the cases tested that the updating after propagating
algorithm yielded a more accurate estimate.
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